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The Ryu-Takayanagi conjecture establishes a remarkable connection between quantum systems
and geometry. Specifically, it relates the entanglement entropy to minimal surfaces within the
setting of AdS/CFT correspondence. This Letter shows how this idea can be generalised to generic
quantum many-body systems within a perturbative expansion where the region whose entanglement
properties one is interested in is weakly coupled to the rest of the system. A simple expression is
derived that relates a unitary disentangling flow in an emergent RG-like direction to the min-
entropy of the region under consideration. Explicit calculations for critical free fermions in one and
two dimensions illustrate this relation.
AdS/CFT correspondence [1, 2] as an explicit realiza-
tion of the holographic principle [3, 4] has become a pow-
erful tool for understanding properties of strongly inter-
acting quantum field theories. It not only establishes
a connection between certain classes of gauge theories in
the ’t Hooft limit and classical theories of gravity with an
additional emergent RG-like dimension, but also led to a
new way of thinking about quantum field theories. For
example, the Ryu-Takayanagi conjecture [5–7] demon-
strates a remarkable relation between the entanglement
entropy of a region A ⊂ Rd in a d + 1 dimensional con-
formal field theory and the static minimal surface in the
dual d+2 dimensional AdS-space with a boundary given
by ∂A. This is important both conceptually and also
from a practical point of view since the calculation of en-
tanglement entropies is challenging even for ground states
of simple systems, with few analytical or numerical tools
available, especially for d > 1. It has become increasingly
clear in the past decade that the entanglement entropy
plays a fundamental role in fields as diverse as quantum
information theory [8], the efficient simulation of quan-
tum systems [9, 10] or topological phases of matter [11].
Therefore the insight described by the Ryu-Takayanagi
conjecture spurred a lot of activity to find similar rela-
tions between entanglement properties in d + 1 dimen-
sions and geometry in d+ 2 dimensions beyond the lim-
itation to AdS/CFT-theories. Especially the geometric
picture underlying the multi-scale entanglement renor-
malization ansatz (MERA) [12] and its continuous ver-
sion cMERA [13] bears strong resemblance to AdS/CFT-
correspondence and the Ryu-Takayanagi conjecture [14],
while in principle being applicable for a wide class of
quantum many-body systems. Still it remains to be ex-
plored to what extent these tools can also be used for a
quantitative calculation of entanglement properties.
Motivated by these ideas this Letter develops a system-
atic procedure which connects the entanglement prop-
erties of eigenstates of a generic quantum many-body
Hamiltonian to a disentangling flow in an emergent RG-
like dimension. This is done by working in a controlled
limit where the subregion B whose entanglement we are
interested in is weakly coupled to the rest of the system,
H = HA ⌦HB
FIG. 1: The weak-link limit for a lattice model: We are inter-
ested in the min-entropy of subregion B (red circles) which
is weakly coupled (depicted by broken lines) to the rest of
the system (blue circles). The relative strength of couplings
between regions A and B vs. the couplings within A or B
determines the expansion parameter g.
see Fig. 1. I denote the relative strength of this coupling
by g with |g|  1 being the weak-link limit. g = 1 will
correspond to translation-invariant systems in the models
discussed explicitly later on.
For a bipartite Hilbert space H = HA⊗HB the entan-
glement of region B for a pure state |ψ〉 ∈ H is described
by its Re´nyi entropies
S(q) =
1
1− q ln trHB ρ
q
B , (1)
where q is a positive real number and ρB = trHA |ψ〉〈ψ|
is the reduced density matrix of subsystem B. The
limit q → 1 yields the von Neumann entanglement en-
tropy. The challenge for the analytic calculation of en-
tanglement entropies of gapless models (and the reason
why relatively little is known analytically even in one di-
mension apart from free theories or conformal field the-
ories) is that the eigenvalues of the reduced density ma-
trix behave non-perturbatively with the size of region B.
This is even true in the weak-link limit and one also finds
non-perturbative behavior in g [15].
As worked out below, this problem can be resolved for
the Re´nyi entropy in the limit q →∞, which is also called
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2the min-entropy or single-copy entropy [10]. The min-
entropy is only determined by the largest eigenvalue pmax
of the reduced density matrix ρB ,
S(min) = lim
q→∞S
(q) = − ln pmax . (2)
We will see that pmax has a specific product structure
emerging from the disentangling flow that leads to a non-
perturbative result for pmax even if the individual factors
are only known perturbatively in g. The goal of this Let-
ter is to give an explicit expression for S(min) which is
correct in order g2 based on a disentangling flow without
making strong AdS/CFT-like restrictions on the class of
permissible systems. The focus on S(min) as opposed to
the von Neumann entropy is also one main difference to
prior work on disentangling flows [16], which allows me
to give an analytic justification in the weak-link limit. It
should also be mentioned that the min-entropy has an
important quantum information theory interpretation,
namely as the amount of distillable entanglement from
a single copy of the quantum state |ψ〉, as opposed to the
von Neumann entropy which requires many identically
prepared quantum states [10].
The key step in my approach is the construction of an
RG-like disentangling flow described by unitary trans-
formations U(u). In this Letter we are interested in
the entanglement properties of eigenstates of Hamilto-
nians, H|ψ〉 = E|ψ〉. In order to find a disentan-
gling flow for |ψ〉 we unitarily transform the Hamiltonian
H(u)
def
= U(u)H U †(u) in such a way that H(u = ∞)
only contains terms which act locally in HA or HB , and
no longer contains terms which generate entanglement
across the links between regions A and B. Since the uni-
tarily transformed state |ψ(u)〉 = U(u)|ψ〉 is always an
eigenstate of H(u), this implies that |ψ(u =∞)〉 must be
a disentangled state since it is an eigenstate ofH(u =∞).
A unitary flow can be obtained following the flow equa-
tion method [17, 18] which generates U(u) from a se-
quence of infinitesimal unitary transformations with an
antihermitean generator η(u)
dH(u)
du
= [η(u), H(u)] (3)
and initial condition H(u = 0) = H. The unitary trans-
formation is obtained as an u-ordered exponential
U(u) = Tu exp
(∫ u
0
du′ η(u′)
)
(4)
where the larger values of u′ are ordered to the left. A
flow with the desired properties is obtained by splitting
up the Hamiltonian as
H(u) = HA(u) +HB(u) +Hent(u) (5)
where only Hent(u) contains terms that create entangle-
ment by linking regions A and B. The generator is de-
fined as
η(u)
def
= 2Λ−2e2u [H(u), Hent(u)] (6)
where Λ is the ultraviolet cutoff. One can show that
under very general conditions this choice of the generator
leads to a contracting flow, ddu tr(H
2
ent(u)) ≤ 0 and η(u =
∞) = 0 [17, 18]. While this does not guarantee that
Hent(u =∞) vanishes, it commutes withHA andHB and
does not contribute to entanglement between regions A
and B anymore (in the sense of not affecting the leading
behavior of the entanglement entropy with the size of B).
Previous applications of the flow equation method were
such that an interaction part in the Hamiltonian was
eliminated by a sequence of infinitesimal unitary trans-
formations (see e. g. Refs. [17–20] and further references
therein). The main difference in this Letter is that I
use flow equations to disentangle a Hamiltonian, that is
to eliminate couplings between two regions for flow pa-
rameter u → ∞. In practise Eqs. (3) and (6) lead to
coupled systems of ordinary differential equations, which
for interacting many-body systems generically need to be
truncated in order to render the hierarchy finite. This can
be done easily in the weak-link limit since by definition
Hent is proportional to g, therefore the flow equations (3)
and (6) can be organised in powers of g. The resulting
systems of differential equations can be solved either nu-
merically or (usually approximately) analytically (more
below).
Notice that u can be thought of as a logarithmic en-
ergy scale, u = ln (Λ/E), and that the generator η(u) is
dimensionless [21]. Matrix elements in Hent that couple
states with an energy difference E are unitarily trans-
formed away at flow scale u. So large energy differ-
ences are eliminated first (for small u) and smaller en-
ergy differences later along the flow, which makes the
flow equation method RG-like. Energy differences cor-
respond to length scales and for translation-invariant
systems (meaning: translation-invariant apart from the
weak links) the unitary transformation acts on sites that
are further and further apart from the boundary between
regions A and B as u increases. This means that the
Hilbert spaces and the unitary transformation can be fac-
torized
HA,B =
⊗
i
H(i)A,B , U(u) =
∏
i
U (i)(u) (7)
such that U (i) only acts nontrivially on H(i)A ⊗H(i)B . The
index i does not need to refer to single sites, H(i)A,B can
contain many sites as long as a perturbative argument
for U (i) remains valid (see below).
If one reconstructs |ψ〉 from the disentangled state
|a0〉 ⊗ |b0〉 = U(∞)|ψ〉, one therefore has a structure as
depicted in Fig. 2. Each individual U (i)(∞) is close to
the identity in the weak-link limit, hence the component
|a0〉 ⊗ |b0〉 of the total wavefunction gets multiplied by a
factor λ
(i)
max = 1−O(g2) under the action of U (i)†(∞). In
addition, U (i)†(∞) generates a component orthogonal to
|a0〉 ⊗ |b0〉, which however cannot contribute to the coef-
3U(2)†	  
|a0i ⌦ |b0i
U(1)†	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FIG. 2: Product structure for the largest Schmitt coefficient
of the state |ψ〉 ∈ HA ⊗HB , see text.
ficient in front of |a0〉 ⊗ |b0〉 anymore in later steps. This
implies that the Schmitt decomposition of |ψ〉 takes the
form |ψ〉 = ∑j λj |aj〉 ⊗ |bj〉 with the largest Schmitt co-
efficient λ0 =
∏
i λ
(i)
max. We will show λ
(i)
max = 1 − α(i)g2
with coefficients α(i) that can be calculated perturba-
tively, therefore
S(min) = − ln pmax = − lnλ20 = −2 ln
∏
i
λ(i)max
= −2
∑
i
lnλ(i)max = 2g
2
∑
i
α(i) +O(g4) . (8)
In this manner one avoids calculating pmax with its non-
perturbative behavior by making use of the product
structure for the largest Schmitt coefficient depicted in
Fig. 2. It is sufficient to find the individual λ
(i)
max per-
turbatively in the weak-link limit. This is a straightfor-
ward exercise in second order perturbation theory: If one
weakly perturbs a Hamiltonian H0, Hg = H0 + g Hint,
then the overlap of the perturbed eigenstate with the
unperturbed eigenstate can be written as
|〈ψg|ψ0〉| = 1−
∫ ∞
0
du
(−〈ψ0|η2(u)|ψ0〉)+O(g3) (9)
with the flow generated from (3) and η(u)
def
=
2Λ−2e2u [Hg(u), g Hint(u)] like in (6). This implies for (8)
S(min) = −2
∑
i
∫ ∞
0
du 〈ψ|(η(i)(u))2|ψ〉+O(g3) (10)
where η(i) is the infinitesimal generator corresponding
to U (i). Since by construction 〈ψ|η(i)(u) η(j)(u)|ψ〉 ∝ δij
we can define
S(feq)
def
= −2
∫ ∞
0
du 〈ψ|η2(u)|ψ〉 (11)
and have shown
S(min) = S(feq) +O(g3) . (12)
These two formulas constitute the main result of this
Letter. They connect the min-entropy to the integral
over the flow equation disentangling density measured
by D(u)
def
= −〈ψ|η2(u)|ψ〉 on a logarithmic energy scale
(D(u) ≥ 0 since η(u) is antihermitean).
0 0.2 0.4 0.6 0.8 1g
0
0.1
0.2
0.3
0.4
0.5
 κ
 /  g
2
 µ = 0.0
 µ = 0.5
 µ = 1.0
 µ = 1.5
FIG. 3: Behavior of the min-entropy (14) for the ground state
of 1d free fermions (13) as a function of the link strength g
for different chemical potentials µ. µ = 0 corresponds to half
filling, all results are symmetric around half filling (only posi-
tive values of µ are shown) and the bandwidth is [−2, 2]. The
big symbols (circles, squares, diamonds and triangles) depict
flow equation holography results from (11) with the full lines
being guides to the eye. Stars show the corresponding results
from exact diagonalization. All data points have a relative
error of about 3%. The dashed line is the exact analytical
result for the min-entropy at half filling from Ref. [15].
In order to demonstrate this approach we study critical
free fermions in d = 1 and d = 2 explicitly. This will
permit us to compare with various exact analytical or
well-controlled numerical results. In d = 1 we consider
the Hamiltonian
H = −
∞∑
i=−∞
ti
(
c†ici+1 + h.c.
)
(13)
with t0 = t` = g and ∀i 6= 0, ` ti = 1. We are inter-
ested in the ground state entanglement entropy of the
lattice sites {1, . . . , `} with the rest of the chain. For the
translation-invariant case g = 1 the behavior is logarith-
mic in ` with a universal prefactor [22–24] independent
of the filling, S(q) = 1+q
−1
6 ln `+ O(`
0). Our goal is now
to extract this prefactor in the min-entropy as a function
of the link strength g
S(min) = κ(g) ln `+O(`0) (14)
using the disentangling flow. We do this by considering
(13) with one weak link (t0 = g and ∀i 6= 0 ti = 1)
and following the disentangling flow separating the left
half line from the right half line. Initially Hent(u = 0) =
−g(c†0c1 + h.c.) and during the flow Hent(u) in (5) is de-
fined to consist of the hopping terms in H(u) connecting
the sites {−∞, . . . , 0} to the sites {1, . . . ,∞}. The result-
ing system of differential equations (3) is solved numeri-
cally (without approximations or truncations). After an
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FIG. 4: Behavior of the min-entropy (14) for 2d free fermions
on a square lattice as a function of the link strength g for dif-
ferent chemical potentials µ. Smin is calculated for stripes
of dimension `×Ny, see text. µ = 0 corresponds to half fill-
ing, all results are symmetric around half filling (only positive
values of µ are shown) and the bandwidth is [−4, 4]. The big
symbols (circles, squares, diamonds and triangles) depict flow
equation holography results from (11) with the full lines being
guides to the eye. Stars show the corresponding results from
exact diagonalization. All data points have a relative error of
about 3%.
initial transient one finds that the flow equation disen-
tangling density D(u) becomes constant. An upper cut-
off in (11) is set by the observation that Hent(u) becomes
increasingly non-local during the flow: The initial near-
est neighbor hopping in Hent(u = 0) turns into hopping
terms between sites with separation d (compare Fig. 2) at
the scale u = ln d. Since we are interested in decoupling
an interval of length ` in (13) this implies we should only
integrate up to values u∗ = ln ` in (11). Taking into ac-
count that the entanglement contributions from the two
boundaries in (13) add up (for sufficiently large `) this
gives κ(g) = 4D. Notice that a proportionality factor p
in u∗ = ln(p `) only contributes to the O(l0)-term in (14)
and does not affect the logarithmic behavior.
The results are shown in Fig. 3 as a function of the
link strength g and for various fillings (κ(g)/g2 is de-
picted since κ(g) ∝ g2 for small g). As expected from
(12) the flow equation results agree with exact diago-
nalization results for the min-entropy for small g [25].
Not surprisingly there are differences between S(min) and
S(feq) for larger values of g. For the translation-invariant
case g = 1 the exact diagonalization results become in-
dependent from the filling as known from universality
with κ = 1/6. Interestingly, within numerical accuracy
the logarithmic prefactor in the flow equation expression
S(feq) also becomes independent from filling at this point.
Next we test the flow equation disentangling approach
for a two-dimensional system, namely for the ground
state of free fermions with nearest neighbor hopping
(t = 1) on a square lattice which is infinite in the x-
direction and has periodic boundary conditions in the
y-direction (circumference Ny  1 sites). We are in-
terested in the min-entropy of a stripe with dimensions
` × Ny, which is coupled to the rest of the system with
hopping matrix elements g. The general behavior is
an area law with logarithmic corrections [10], that is
κ(g) ∝ Ny in (14). This comes out naturally from (11)
since −〈ψ|η2(u)|ψ〉 ∝ Ny for large Ny. Results from the
numerical solution of the flow equations are depicted in
Fig. 4 and compared with exact diagonalization [26]. For
small g one again finds perfect agreement as expected
from (12).
In the one-dimensional case one can also interpret (11)
from the point of view of minimal curves like in the Ryu-
Takayanagi conjecture [5, 6]. With the emergent dimen-
sion z = Λ−1 eu one can verify that the leading behavior
of (11) can also be written as the length of the minimal
curve, S(feq) = minCL(C), for given UV-boundary condi-
tions ∂C = ∂B with respect to the metric
ds2 =
4D (ln(zΛ))
2
dz2 + dx2
z2
. (15)
For the critical fermions discussed before this is just an
AdS2-metric since the flow equation disentangling den-
sity is constant on a logarithmic scale, D(u) = const.
The spatial part z−2 dx2 in (15) effectively describes the
increasing non-locality of Hent(u) during the flow and
thereby introduces the IR-cutoff u∗ once the length scale
generated by the disentangling flow exceeds the size of
the interval B (here assuming that the total system
is infinite). The minimal curve condition in the Ryu-
Takayanagi conjecture finds a natural explanation in the
flow equation framework since IR-cutoffs in the disen-
tangling flow at a given boundary point are naturally set
by the next boundary point closest to it. Consider for
example a tight-binding chain (13) consisting of Nx  1
lattice sites with periodic boundary conditions split up in
two intervals with `A and `B sites, `A + `B = Nx. Then
(11) gives
S(feq) = κ(g) ln min(`A, `B) +O(`
0) , (16)
which agrees with the minimal curve prescription using
(15) and the known exact behavior [28].
In summary, I have introduced a method for calcu-
lating entanglement entropies for eigenstates of generic
many-body Hamiltonians from a disentangling flow in
an emergent RG-like direction (11). In the weak-link
limit we have seen (12) that this procedure gives the
min-entropy. While the specific examples discussed in
this Letter were ground states of free fermion systems,
the method also works for excited states and interact-
ing systems. Notice that results in the weak-link limit
can also be obtained analytically, although I have consis-
tently used numerical methods for the solution of (3) in
order to show results for all link strengths.
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